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Simple Frames
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Displacement and Force Transformation Matrices
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Example 1

For the frame shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.

(c) Draw the quantitative shear and bending moment diagrams.
E =200 GPa, I=60(10° mm*, 4 = 600 mm?
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Using Transformation Matrix:
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Stiffness Matrix: Member 1
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Stiffness Matrix: Member 2
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Global Stiffness Matrix: [k]
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Example 2

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B
(b) Determine all the reactions at supports

(c) Draw the quantitative shear and bending moment diagrams.

E =200 GPa, /= 60(10%°) mm*, 4 = 600 mm? for each member.
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Example 3

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.

(c) Draw the quantitative shear and bending moment diagrams.

E =200 GPa, /= 60(10%°) mm*, 4 = 600 mm? for each member.
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"t 6.75 kKN (
£ M1.25 kN T
"9 kN 5 kN 5 kN
) [FEM]
14.06 kN+m *11.25(0.6) = 6.75 kN
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Member 1:

A.=cos 36.87°= 0.8,
A, =cos 53.13°=0.6
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-14.06,




26.46 kN°m(
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Member 2:
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35.02 kN 35.02 kKN
6.17 kN 3.83 kN
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Special Frames
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Stiffness matrix

A= cos 0, A= cos 0,
Ay, =sin 6, A, =sin 6,

(¢ 1=[T1"[q"]

1 2 3 4 5 6

g.| 1#[4, -2, 0:0 0 O][q,
g | 2¢{4, A4 010 0 0l|q,
g | 30 0 1.0 0 0l|q,
g | 40 0 014, —i 0flq,
g | 540 0 0ii, 2, O0flqs
ge| 610 0 0.0 0 1{q,

[ T]"
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1[4 A4 0 0 0 0
2 |=24, A O 0 0 0
ST
Jx Jy
510 0 0 -4, 4, 0
6/ 0 0 0 0 0 1
* Member Stiffness Matrix
X 5 3 4 5 6
1" [ AE/L 0 0 — AE/L 0 0 |
2’ 0 12El/L’  6EIL 0 —12EI/L’  6EIL’
] 30 6EI/L>  AEIL 0 —6El/L>  2EIL
4" | — AE/L 0 0 AE/L 0 0
5’ 0 —12EI/’ —6EIL 0 12EI/L’ —6EIL’
6| 0 6EI/L>  2EIL 0 —6El/L>  AEIL |
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L? v L2 = /7’]')/ - A —
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AE 12E1 AE 12E1 6F
LI P R Aa) [, AE_ ., 12E AE  12EI 6El
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L L L v » 2 7 ( . [ ) ( I T Ay B Ay
AE 12E1 AE 12E1
Ay ) A=A A+ A, EI , AE_ 12EI AE 12E1 6EI
L A 5 B ) p v iwir) - 2 ( . Ay 7 Ay T+ L— & I A
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Example 4

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.
(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative bending moment diagrams and qualitative
deflected shape.

Take 7=200(10%) mm*, 4 = 6(10%) mm?, and £ =200 GPa for all members.

Include axial deformation in the stiffness matrix.

40 kN 20 kKN
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40 kN 20 kKN
200 kKNem

3*
2:.&
Global T
I:.L
22.02°
3’{\
ts
Local
1’ 1 —=




]

5 4 0 2 4 7
N | AE/L 0 0 — AF/L 0 0 |
Vi 0 12EI/>  6EI/I? 0 —12EI/} 6ElI*
M1 o 6EI/[*  4EIL 0 —6EII>  2EIL
N, | -AE/L 0 0 AE/L 0 0
V.1 0  —I12E/L -6EIL 0 12EI/L’  —6EIL’
M|l 0 6EI/ [’ 2EI/L 0 —6EI/L’  AEI/L

~.
L

AE  (0.006 m*)(200x10°kN / m*)
L 8m

=150x10° kN / m

4EI  4(200x10°kN /m*)(0.0002 m™)
L 8m

2FEI

=20x10° kN em

=10x10° kN e m

6EI  6(200x10°AN / m*)(0.0002 m*)

I Gm) =3.75x10° kN
m

12EI  12(200x10°AN / m*)(0.0002 m*)

e Em) =0.9375x10° kN /m
m
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Member 1:

3:& h‘
1 —=
Global .ﬁtlﬁ G=00020  * 4

g-0°

A, =c0s (22.02°) = 0.927, A, =cos (0°) =1,
Ay, =s1n (22.02°) = 0.375 A, =sin (0°) =0

4 1=1TI"q] 20 kN

[FEM] 20 kN
1 2 3 4 5 6
v 1°{ 0927 -0375 0 | 0 0 0 ) ¢.)
7, 2| 0375 0927 0 i 0 0 0 | 4,
¢y _ Sl O L o 0 O 1l 4
0 40 0 0 1 0 0 | 4,
0. 570 0 0 0 1 0 | 4.
| 6\ 0 0 0 0 0 1




3:&
2* v SA) 6 ,
N t t 2 Local
Global 4 ”

6,=22.02°
6,=0°

[k*]1=[T]1T[k’]1[T]1

1+ 2% 3% 4 5 6
1%(129.046 51.811 -1.406 -139.058 0.351 -1.406)
2% 51.811 21.892 3.476 -56.240 -0.869 3.476
3% -1.406 3476 2000 0 375 10.00

4 1-139.058 -56.240 0.00 150 0 0
5 0351 -0.869 -3.75 0 0.938 -3.75

6 \_-1.406 3476 10.00 0 -3.75 20 )

[K*], = 103




40 kN

2*‘)3* 46 40 kKNem 40 kNem
t, q 2

1 —=
Global .Qtlﬁ 0=22.02° 4 1=
6=10°

20kN  [FEM] 20 kN

[¢¥ 1=[T]" ¢*']

[0 ) (750 | 1°

40 kN
20 18.54 | 2*
[qF*] _ [ T]IT 40 _ 40 R S 1 8
0 0
4 18.54 20 kKN
20 20 5
40 | 40 ) ¢
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Member 2

ﬁ 6 A = A = c0s (-22.02°) = 0.927,
AT dy= Ay =sin (:22.020) = 0375

22.02° o
54 )

7
[q] >.22.020

1 2 3
g, 400927 0375 0
g 51-0375 0927 0
¢ | _ 6.0 0 1. 0 0 0
g, 71 0 0 0 50.927 0.375 0 g,
g 8| 0 0 0 5-0.375 0.927 0 gs
95 | 9L 0 0 0 i 0 L ! 4\& ey



[k]2= [ T]zT[ k’]2[ T]z

[k],= 103

o K a9 SN n A

4
(129.046
-51.811
1.406
-129.046
51.811

_ 1.4056

-51.811
21.892
3.476
51.811
-21.892
3.476

6
1.406
3.476

20
-1.406
-3.476

10

7 8
-129.046 51.811
51.811 -21.892
-1.406 -3.476
129.046 -51.811
-51.811 21.892
-1.406 -3.476

1.406 )
3.476
10
-1.406
-3.476

20)
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Vo -
oy [¢F]
lr/\;,m
[¢5 1=[T]"[q" ]
[ o) (8.998 ) 4 32211"“ (4]
24 22.249] 5 g 998KN
[ F]= [T]T 32 — 32 6 e »  22249KkN 32 kNem
q 2
0 8.998 | 7 8.998 kN
24 22.249| g 22.249 kKN
32 \-32 ) g
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3%
%

Global Stiffness: 2)‘ 5‘)6
< LV 4
4>, > o

1+ 2% 3w 4 5 6
1(129.046 51.811 -1.406 -139.058 0.351 -1.406)
2% 51.811 21.892 3.476 -56.240 -0.869 3.476
3% -1.406 3476 20.00 0 -3.75 10.00
LK) =10% 1 139,058 56240 0.00 irmlgé __________ o 0
0351 -0869 -375 | 0 0938 -3.75
6 \_-1.406 3476 1000 : 0  -3.75 20 /

____________________________________

4 S 6 7 8 9

4 [129.046 -51.811 1.406-129.046 51.811 1.406)
5| 51811 21.892 34761 51.811 -21.892 3.476
6| 1406 3476 20 -1.406 -3476 10
(KL =10 11120.046 51.811 -1.406 129.046 -51.811 -1.406
8 | 51.811 -21.892 -3.476 -51.811 21.892 -3.476
9 | 14056 3476 10 -1.406 -3476 20, 56



Global: 40 kN 20 kN 3 5‘7 6

200 kNem 2*‘)
41‘ 7

40 kN

18.54 kN -

[Q]I=[K][D]+[0O"]

1% 3% 4 5 6
(0,00 14(129.046  -1406 -139.058 0351 -1406) D) [ -75
O3+ =0.0 3% [ -1.406 20 0 375 10 || D 40

0, =00 | = 109 |-139.058 0 | 279.046 51811 1406 | Di| 4| 8998
Qs =-20 5 | 0.352 -3.755 -51.811 22.829 -0.274| Ds 20 +22.249
(O =200 6 | 1406 10 1406 0274 40 | Do) | 40732



Global: 0 KN 20 kN 3 5‘) 6

200 kNem 2*‘)
6
kyy, 41‘1* L=

D, ) [-0.0205 m |
D;. -0.0112 rad
D, | = |-0.0191 m
Dy -0.0476 m
Dy -0.0024 rad
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2*‘)3* 1
w2

Member 1: [ ¢*] = [ k*][ d*] + [ q"*] [47] 20KN
1* 2% 3% 4 5 6

g 1(129.046 51.811 -1.406 -139.058 0.351 -1.406(p, . ~0.0205 750 ]
G 2| 51811 21.892 3476 -56.240 -0.869 3.476 ||p,.=0.0 18.54
G| _ | 3| 1406 3476 2000 V4375 10.00 || p,~0.0112 o
q, 4 |-139.058 -56.240 0.00 ; 150 0 0 {|p,=-0.0191 0
gs 5| 0351  -0.869 -3.75 0 0938 -3.75 {|p—-0.0476 20
16 6 \ -1.406 3476 1000 | 0  -375 20 J{p=00024 ) \ -40
ql*\ [O )
Gy 22.63 kN 40 kN ‘)7,87 KNem
93+ 0
g9, | | -849 kN 8.49 kN
g 19.02 kN 263 o 19.02 kN
‘. \7.87 kN°mj 5



—~,—

22.249 kN 32 kNem
[q] 7 8.998 kN

Member 2 : =[klld]+]qgF

ember2:[g|=[k][d]+][q"] 22.249 kN

4 5 6 7 8 9

0 4 (129.046 -51.811 1406 -129.046 51.811 1.406)(D,~-0.0191 | [ g90g)
0. 5| -51.811 21.892 3476 51.811 -21.892 3.476 ||D.=-0.0476 | |22.249
0. 6 | 1406 3476 20 -1406 -3476 10| D,=-0.0024 1

:103
0 7 1-129.046 51.811 -1.406 129.046 -51.811 -1.406 || D,=0 +| ¢ 908
" 8 | 51.811 -21.892 -3476 -51.811 21.892 -3.476 || Dy=0 22.249
qs \j 9 \[ 1.4056 3.476\ 10 -1406 -3476  20)\D,=0 ) | 32
g, 849 kN (1207.87 KNem
g 39.02 kN 6

8.49 kKN kN,
de -207.87 kNem n 248 04
— . N'

q; 9.51 kN 39.02 kN m
g 8351 kN 9.51 kN
4 | -248.04 KNem 83.51 kN 60




207.87 kNem

40 kN 5
787 kNem <25
8.49 kKN Yy kv (A )
8.49 kN k
: 849 kN N 24804 kNem
226 = 20.98 kN 19.02 kN 33 kN
Jhy | 39.02 kN ')
207.87 "5
25 &y
83.51 kN
(D.| [-0.0205 m |
Bending-moment
diagram (kNem) D -0.0112 rad
D, | = |-0.0191 m
D, -0.0476 m
£248.04
Dyp=-205mm  p _ 191 mm D, -0.0024 rad

q«\_ D=-47.6 mm
D;,=-0.0112 rad 06§0\ S
. 0024 rag
Deflected shape
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Example 5

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.

(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative bending moment diagrams

and qualitative deflected shape.

Take 7=400(10%) mm*, 4 =60(10%) mm?, and £ =200 GPa for all members.

20 kN/m
80 kNem
I++H+H++Q_50kN .
A B

3m
A A

C

200
< 4 m e 2m>|
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20 kN/m

< 4 m >l 2m>|

Member 1:

AE (60 x107”m”)(200 x10° kN/m?)
L 4 m

=3000 x10° kN/m

4EI 4200 x10° kN/m”)(400 x10~°m*)

L 4 m
=80 x10° kNem

2EI  2(200 x10° kKN/m?*)(400 x10°m*)
L 4 m

=40 x10° kNem

6EI  6(200 x10° kKN/m?*)(400 x10°m*)
I (4 m)°
=30 x10° kN

12EI  12(200 x10° kKN/m?)(400 x10°m*)

I (4 m)°
=15 x10° kN/m

64



20 kN/m

9,
9>
43
44

ds
de

SIS

\S}

26.67

AR

9]

SN N A W N

ASH

| -26.67)

40

40
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6 -
St Member 2
@ 4 9o
e 6EI  6(200 x10° kN/m?*)(400 x10°m™)
§>>\ y‘ §’>\ L (3.61 m)
ﬁq , "“_) =36.83 x10° kN
Ry
0 - 12EI  12(200 x10° kN/m*)(400 x10°m*)
- r (3.61 m)°
-3 2 6 2
L 3.61 m
=3324 x10” kN/m 2EI  2(200 x10° kN/m?)(400 x10°m*)
4EI  4(200 x10° kN/m>)(400 x 10 *m*) L 3.61 m
L 3.61 m ~ 4432 x10° kKNem
=88.64 x10° kNem 1 2’ 3 4’ 5 6’
1 3324 0 0 -3324 0 0)
2’ 0 20.41 36.83 0 -2041 36.83
3 0 36.83 88.64 0 -36.83 44.32
(K], = 103 ,.
2 4 3324 0 0 3324 0 0
5 0-20.41 -36.83 0 2041 -36.83
6\ 0 36.83 44.32 0 -36.83 88.64
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A= cos (-56.31°) = 0.55,
A;, = sin (-56.31°) = -0.83

A, =co0s (-76.31°) = 0.24,
A, =sin (-76.31°) =-0.97 (D

[¢"1=1T1"[q ]

o v 2’ 3 4 5 6
dy 4055 083 0 0 0 0 q,
gs 51-0.83  0.55 0 0 0 0 qy
ds 6| 0 0 1 0 0 0 qs
g | — 7% 0 0 0 024 097 0 s
Gy 8% 0 0 0  -097 024 0 qs

S AN 0 0 0 0 1 /g

4 5 6 7% 8 9%

4 (1036.923 -1524.780 30.646 -452.884 1787.474 30.646)
5 [-1524.780 2307.582 20.431 643.585 -2689.923 20.431

6 | 30.646  20.431 88.643 -35.786  -8.717 44321
[ L=[TIKLIT]=10° 5. -452.884 643.585 -35.786 205.452 -759.668 -35.786
g«| 1787.474 -2689.923 -8.717 -759.668 3139.053 -8.717
9\ 30.646 20431 44321 -35.786  -8.717 88.643/)%7




[k],= 107

SN Nt A W N -

SN U A

KT, = 103 7,

9*

1
(3000
0
0
23000
0

4

2

0
15

30
0
-15
30

S

3

0
30

80
0
-30
40

6

4

0

3000
0

7*

-1524.780 2307.582 20.431; 643.585 -2689.923 20.431

20.431 88.643; -35.786

44.321

-452.884  643.585 -35.786 205.452 -759.668 -35.786
-8.717 -759.668 3139.053

_____ o Aol ESiohe)
1787.474 -2689.923
L 30.646 20431

-35.786

0 0 )
15 30
30 40
0 0
15 30

30 80
g 9%

-8.717 44.321

-8.717

-8.717 88.643/
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20 kN/m

3m

< 4 m >l 2m>|
Global:
4
[ 0, =-50 ) 4 [4036.923 -
Os =0 5
O, =-80 | =10%6 | 30.646
0..= 0 7 | -452.884
0= 0 | 9 | 30.646
(D, | [ 2.199x10°S
D, -3.095x104
D, _ -2.840x104
D.. 0.979x10-3
D 6.161x104

\

-1524.780 232.582

20 kN/m

26.67 kNem
AA
26.67 kNemy
40 kN 40 kN
5 6 7% 9

___________________________ N

1524.780 30.646;-452.884 30.646
-9.569: 643.585 -9.569

-9.569 168.643; -35.786 44.321
643.585 -35.786 205.452 -35.786

20.431 44.321 -35.786 88.643 |

\
m

m
rad

m

rad )

D4 A ( 0 A
D, 40
D, | 4 |-2667
D, 0
D9*) \ 0 J
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Member 1:

.

9,
9>
43
44

ds
de

91
9>
q3
q4

qs
9

\

103

65.97
36.12

24.59
-65.97

43.88
-40.11

SN N A W N =
1
Wl
S
-
S
-

kN
kN
kNem
kN
kN
kNem

3 4

0 -3000
30 0
80 0

0 3000
-30 0
40 0

5

0
-15
-30

0

15

-30

6

o V[ o ) [ o )
30 0 40
40 0 26.67
0 D, i 0
-30 D 40
80 )\ D) | -26.67)

Z‘P 3 S‘P 6

20 kN/m /}40.11 kNem

24.59 kKNem (\
65.97 kN
65.97 kN L1 f—

36.12 kN

43.88 kN
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Member 2:

4 5 6 7% g+ 9
(g, ) 4 (1036.923 -1508.14 3057 -45521 1769.34 30.57 [ D, |
gs < |-1508.14  2296.15 2026 65127 -2678.93 2026 || D:
gs o | 3057 2026 8864 -3573  -8.84 44.32 || D,
g | 10 o] 45521 65127 3573 21067 -769.1 3573 || D*
G gx| 1769.34 267893 -8.84 -769.1 3128.82 -8.84 || 0
| 9o o\ 3057 2026 4432 -3573  -8.84 88.64 )| D%

qs -43.88 kN © 15.97 kN

q6 '39.89 kN‘Il’l

e — 0 kN

) . KNem ) @ 46.69 kN
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Bending-moment
diagram (kNem)

20 kN/m /}40.11 kNem

24.59 kNem (-\
65.97 kN
65.97 kN

36.12 kN 43.88 kN

39.89 kNem
15.97 kN

43.88 kN

( 3

-2.199x10-5 m

-3.095x10+4 m

-2.840x104 rad

0.979x1073 m 46.69 kN

. 6.161x104 rad '
D,=-2.2x10"m
<
D=-3.1x10*m

D,=-2.84x10"*rad

D}\=0.979X10'3 m

Deflected shape
Dy,=6.161x10*rad 7,



