BEAM ANALYSIS USING THE STIFFNESS
METHOD

Development: The Slope-Deflection
Equations

Stiffness Matrix

General Procedures

Internal Hinges

Temperature Effects

Force & Displacement Transformation
Skew Roller Support



Slope — Deflection Equations
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* Fixed-End Forces
» Fixed-End Forces: Loads
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* Equilibrium Equations
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o Stiffness Coefficients
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* Matrix Formulation
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e Stiffness Coefficients Derivation
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* Derivation of Fixed-End Moment

» Point load
lP Real beam
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» Uniform load
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» Settlements
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* Typical Problem
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Substitute &, in M 5, My, My, M,
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Stiffness Matrix

* Node and Member Identification
* Global and Member Coordinates
* Degrees of Freedom

*Known degrees of freedom D,, D, D, D,, Dy and D,
* Unknown degrees of freedom D,, D, and D,
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Beam-Member Stiffness Matrix
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* Member Equilibrium Equations
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» 6x6 Stiffness Matrix
o A. O 0. A.
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» 2x2 Stiffness Matrix
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Comment:
- When use 4x4 stiffness matrix, specify settlement.
- When use 2x2 stiffness matrix, fixed-end forces must be included.
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General Procedures: Application of the Stiffness Method for Beam Analysis
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Global
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Local
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Example 1

For the beam shown, use the stiffness method to:

(a) Determine the deflection and rotation at B.

(b) Determine all the reactions at supports.

(c) Draw the quantitative shear and bending moment diagrams.
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< Om 0 3m g
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Equilibrium equations: M ;=0
My + Mpe=0

Global Equilibrium: [Q] = [K][D] + [O¥]
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Example 2

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.

20 kN
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2‘
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Use 4x4 stiffness matrix,
A, ) A
Vil 120 6ENE —12EIL
k] M| eEn  4ENL  -6EDD
Vil—12EDP —6EN  12END
M\ 6gprr  2ENL  -GEID
[k,
1 2 3 4
~ N
1| 0.375EI 0.75EI - 0.375EI0.75EI
2| 0.75EI 2EI -075EI EI
3| -0.375E1-0.75EI 0.375EI -0.75EI
4\_ 0.75eI  EI | -0.75El 2EI |

\ \
3 EI 5

7

@ @”

b 3 4
2EI/L [K] =& | T
—6EI I 41 -0.375 3
AL |

[£],

_____ 3 .4 5 6
3 01875EI O375EI 0.1875E10.375E
4 f____Q:_3_7_§_E__I_ _____ EI | -0375EI 0.5EI
5| -0.1875EI -0.375EI 0.1875EI-0.375E
6\ 0.375EI 0.5EI -0375EI  EI
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10, ©
[O] = [K][D] +[OF]
Global:
_____ 3 4
3| 0,=-20 31 05625 -0.375 || D, 18 |3
= EI = N
4| 0,=40 41 -0375 3 D, -12 |4
D; -61.09/EI
D, 9.697/El
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1 2 3 4
) 4 N, \
7 1| 12(2ED/4%0.75EI -0.375E10.75E1 || 41 =0
4, 2| 0.75EI 2EI -0.75el EI || 4,=0
gy | T 3| -0375E1-0.75EI 0.375EI-0.75El | 43~ ~01.09/E]
\da ) 4\_075EI EI  -0.75EI 2EI )\ d,=9-697/E])
9 kN/m 53.21 kNem

67.51 kNgi%Bﬁ

48.18 kN

[al,
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12
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N
18
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-12.18
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[Q]z = [k]z[d]2+[qF]2
3 4 5 6
SR ~ N Y 3
d3r 3| 0.1875EI 0.375EI - 0.1875EI0.375El| 9, ~61.09/E) 0 7.818
Gr | _ 4| O037SEI EI  -0375EI 0.5EI|| 9a=9-697/E] + 0 | | -1321
qs | 5| -0.1875EI-0.375EI 0.1875EI-0.375Ef | d5=0 0 |~ | 7818
9 | 6\ 0.375EI 0.5EI -0375E1  EI || 4=0 ) o) -18.06)
13.21 kNem 18.06 kNem
@ﬁc
2> )
7 82 kN lql, 7.82 kN
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% + CB p— c)
67.51 kNem t ‘
48.18 kN 12.18 kN 782 kKN lal, 7.82 kN
20 kN
9kN/m VI\ 40 kNem
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o
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5
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Example 3

For the beam shown, use the stiffness method to:
(a) Determine the deflection and rotation at B.
(b) Determine all the reactions at supports.

20 kN 10 kN
JkN/m ¥\ 40 kNem
2E] El
A B C
4 m 2m 2m
< >l bla >
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Global

N 9 kN/m
- D 12 kNem
[FEF] T =
18 kKN — 18 kN
A, 0 A
Vi[ 12END  6ENE  —12ENL
AN M “egnr  aEnL - 6ENL
k 4x4 T V. _ 3 . 2 3
i | -12E/D —6EII> 12EIL
M| 6Enr  28HL  —6EID
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6EI/ I*
2EI/L
— 6EII?

AEI/L |
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0.75El 2EI  -0.75EI EI
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0.1875ET 0 375EI 0.1875EI 0.375E]
0375E] EI i 20.375EI  0.5EI

-0.1875ET -0.375E1 0.1875EI -0.375E1

_0.375EI  0.5EI -0.375E1 EI )
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0.75EI  EI | -0.75EI 2EIL
~ J [K] = EI 4
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20 kN 10 kN

9 kN/m

12 kNem

) 12 kKNem

[FEF] T >
18 kN 18 kN
Global: [Q] = [K][D] + [Q"] 3 4 6
Vo +Vsp=-20 3] 05625 -0375! 0375 || 4, 18 +5=23
M, +M,.=40 | =E 4| 0375 3 | 05 ||| T |-12+5-27
. My=0 ) 6 L 0.375 0.5 1 Je.J -5
) - R
Ay -116.593/EI
6, = | -71.667/EI
__52.556/EI

\‘90/ Y




2 4
r\l V\ 9 kN/m

3 12 kNem
T ) 12 kNem
L1
D @ T18 kN E 18 kN
[FEF]
Member 1: l¢], = [kl,[d], + [4¥],
1 2 3 4
) é AV N oY 3
V, 1 0.375EI 0.75EI -0.375EI0.75EI || O 18 55.97
M, 2 0.75EI  2EI -0.75EI EI 0 12 91.78
— + —
Ve, 3| -0.375EI -0.75EI 0.375EI -0.75EI || A,=-116.593/EI 18 -19.97
My 4\_075E1  EI  -0.7SEI 2EVL )\Oy=7667/E1 ) | -12 ) | 60.11
9kN/m
91.78 kKNem 60.11 kKNem
( T 4 m )
55.97 kN 19.97 kN
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r{ 7\6 10 kKN
5 kNe
® > $
5 kN [FEM] 5 kN
Member 2: [q], = [£],[d], + [4¥],
3 4 5 6
a 2 - N 2 ) - A
Var 3| 0.1875EI 0.375EI - 0.1875EI 0.375El| Az =-116.593/E] 5 -0.0278
Mge| 4| 0375E1  EI -0.375EI  0.5EI | Y —7667/E] N 5 -20.11
Ve 5| -0.1875EI -0.375EI 0.1875EI -0.375E1|| 9 51 | 10.03
M 0.=52.556/EI -5
(Mes) 6\ 0375E1 0.5EI -0375E  EI )_“c ) )L o
10 kN
20.11kN°mC 2m 2m
0.0278 kN 10.03 kN

59



9kN/m 20.11 kN*m 10 kN

91.78 KNem
¢ + C
60.11 KNem
T55.97 N 19.97 KN 0.0278 kN 10.03 kN
20 kN 10 kN
9kN/m ¥ 40 kNem 8, = 52.556/E1
91.78 kN-m(
55.97 kNI | | | 1 10.03 kN
| Op = -TOOTIEL |y — _116.593/E1 |
?455.97 4m * 2m ”" m

V (kN)

(kNem)

-91.78



Example 4

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.
(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative shear diagram, bending moment diagram
and qualitative deflected shape.

Take 7=200(10%°) mm* and £ =200 GPa and support B settlement 10 mm.

6 kKN/m 40 kN
T |
A = R_
- 21 A, = -10 i
< &8 m > 4 m > 4 m X
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Use 2x2 stiffhess matrix:

AET /L 2EI/L
2EI /L 4El /L

2 3
. IV
kl,= % |
3 2 4
3
2
4
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40 kN 1 5 ,

6 kN/m f\ f\ n
MB i C
A Noopr N Er ;

$A;=-10 mm
|« 8 m >l 4 m >l 4 m N
40 kN
6 kN/m

C 2

[FEM]load ( )
- kNem PL/S = 40 KNm 40 KNem

wI/12 = 32 kKNen 32
( )37.5 kNem
10 m

| = 75 kNem
FEM, { =7t ) :
6(2ENA/L2=75 kNem 6(ENA/L?* =37.5 kN°m

Global: [O] = [K][D] +[0"] 3
s 3\ T T : — s 3\
0,=0 AHBVE ? D, 32440+ 75 -37.5=45.5
El I !
=— +
0;=0 & 4| 5 4 D, 40 -37.5=-77.5
\ J N\ N— . J
D, | " 61.27/E1 rad
D, 185.64/E1 rad
Y, L J 63




Member 1:
QI B ﬂ
q, 8

[FEM] load (‘

wlL?/12 =32 kN°m

6 kN/m

32 kN°m

(1= 75 kNem
[FEM] ( w)
6(2EDNA/L2 = 75 kNem

lq1, = [k],[d], +

[QF]l

1 2

o0
~

d,=-61.27/El

6 kN/m

(32 +75=107 |
_|_

[ 76.37 kKNem |

\

76.37 kNem

31.26 kN

8m [1]—>

D 18.27 kNem

16.74 kN

-32+75=43

\

-18.27 kNem
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Member 2:

q,

q3

[FEM]load (
PL/8 =40 kNem

40 kN

2

40 kNem

:
[FEM],, C Im’m;B‘)”'s KNem
6(EDD/L2 =37.5 kN-m

[q], = [k]z[d]z + [QF]Q

_|_

2 3
5[ 4 2 | @,=-6127EI
3l o A d, = 185.64/El
40 kKN
18.27 kNem l
T
22.28 kKN

(40-375=2.5

17.72 kN

N

-40 -37.5=-77.5

\

[ 18.27 KNem |

0 kNem
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2E1

1

Alternate method: Use 4x4 stiffness matrix
[k
1 2 3 4
1 ( h
12(2)/8% 1.5 -0.375 1.5
_ELZ 45 g 15 4
8 3 PN :
-0.375 -1.5 + 0.375 -1.5 |
4 = i
¢S4 cLSs 8 )
1 2 3
1{0375 15 -0375
2 1.5 8 —15
[K] EI 31-0375 -1.5 :10.5625
8 4| L5 4 075
5 0 0 -0.1875
6 \ 0 0 0.75

4 6
El 2
5
[X],
3 4 5 6
30 I )
12/82 0.75{ -0.1875 0.75
B Y075 4t 075 2
8 S| 01875 -0.75  0.1875 -0.75
6l 075 2 0.75 4
4 5 6
1.5 0 0
4 0 0
-0.75 -0.1875  0.75
_____ 120 -0.75 2
075 0.1875 -0.75
2 -075 4 ) 66



40 kN

6 kN/m
A'\QE] NE]

$ A, =-10 mm
< 8 m > 4 m >l 4 m X
40 KN
32 kKNem ¢ kKN/m 40 kKN+m LN*m
( )32 kNem (
[FEF] T T
24 kN 24 kN 20 kN 20 kN
Global: [Q] = [K][D] + [QF]
4 6 S
0,=0 4| 12 2| D _ _ SR
{ 4 _El ¢ 200x20004| -0.75 [Ds—-o.oﬂ N
Q=0 8 612 4 ) LD 8 6| -0.75 40 |
4 6
{ 0,-0 } e 4] 12 2} [Dﬂ [ (200x200/8)(-0.75)(-0.01) = 37.5 8
0=0 T8 6o 4) LD, t (200x200/8)(0.75)(-0.01) = -37.5 * | -40 |
[Dﬂ { 61.27/EI=-1532x103  rad J
D, J 185.64/EI = 4.641x103 rad
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2

¥\

4

i |

) $A;=-10mm
3

32 kNem

ile

6 kN/m

%) 2 ke

24 kN 24 kN
Member 1: [q], = [£[d], +[g"],
1 2 3 4
g, ey 15 -0375  15][ d=0 ) (24
| oox200) | 15 8 15 4| d=0 32
q; | 8 3| 0375 -15 0375 -1.5|| d,=-0.01 LY
9a ) o154 15 8| dy=-1.532x10° ] | 32
q, | (3126 kN
6 kN/m
7, 7637 INem 76.37 kNem (- D 18.27 kNem
| — 1674 KN S mL]
q4 ) \ 21827  kNem ) 3126 kKN 16.74 kN
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4‘
-10 mm = Ay d
3
Member 2:
q; 3
g 4
4 (200x200)
ds 8 S
9e 6
[
q; 22.28
q4 18.27
qs | 17.72
9e 0

3
.
12/82
0.75

6
"

4

0.75
4

-0.1875 -0.75

0.75

kN
kNem

kN
kNem

2

40 kN

[FEF]
20 kKN 20 kN
5 6
\( \ ( \
-0.1875 0.75 || d;=-0.01 20
-0.75 2 d,=-1.532x103 40
0.1875 -0.75 d; =0 t 20
-0.75 4 ]| dg=4.641x107 -40
\ J \ J
40 kN
18.27 kNem

22.28 kN

17.72 kN
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Example 5

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.
(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative shear diagram, bending moment diagram
and qualitative deflected shape.

Take 7=200(10%) mm* and £ =200 GPa and support C settlement 10 mm.

4 kN
T s @)
A =2
N 21 N~ EI 03 A.=-10mm
< & m > 4 m > 4 m X
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-

\

*Member stiffness matrix [£],,,

O,
o
s

N

[
12(2)/82 15

J

\

1

-0.375

1.5

1.5

1
[k
p) 3 4
-0.375 1.5
8 -1.5 4
45 10375 -15
4 R 8 )

3 4
05625 -0.75

075 12!
075 5

2E1

g 0750 -0.1875
4 |
EI 005 40 075
g O -0.1875 075  0.1875
6l 075 2 075
5
( 3\

3[-0.1875
+(M)4 -0.75 {D5=-0.01}+
6 -0.75
\ J

\
0.75
2
-0.75

o
o',
O’

72



4 kN 2

0.6 kN/m 20 kNem h 4 6
FHHHHHE i ' 2EI (B El 2\
C

A KZE] '\E]

10 mm$ O 1

3 5
8 m >l 4 m >l 4 m q
4 kN
0.6 kN/m 4 kNem
3.2 kNem ) 4 kNem
( 3.2 kNem (
[FEF] T T
2 4 KN 2.4 kN 2 kN 2 kN
Global: [Q] = [K][D] + [QF]
3 4 6
(0,=0 305625 0750 075 Dy| [9375] [ 24+2=44)
0,=0 | _EL 4| 075 12 21| D, |+| 375 + |32t4=038
0,=20] % 6[ 7075 T2 4] D] | 375 4.0
J G \ J \ J \ J
( D,| [ -377.30/E1=-9.433x10°m|
D,| = | -61.53/EI=-1.538x10"? rad
D, +74.50/E = +1.863x10-3 rad

\ J \ 73



0.6 kN/m

3.2 kNem
( ) 3.2 kNem
[FEF]load T 8 m
2.4 kN 2.4 kN
Member 1: [q], = [k],[d], + [qF]1
1 2 3 4
\ ( [ \ ( \
9, Hi2eyse 15 0375 15| a=0 2.4
¢ |  200x200 2| 15 8 <15 4| d=0 32
7 8 30375 -15 0375 -15|| d,=-9.433x10° EREY
94 415 4 ‘1.5 8 || d,=-1.538x1073 3.2
J \ /\ J \ J
g, | (855 KN |
! ' 4310 kN 0.6 kN/m
‘B 43.19  kNem ' m ( ¢§ 6.03 kNem
a | 375 kN 8 mLL]
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4 kN

4 6 .
[FEF]
T 1 10 mm T 8§ m
3 S 2 kN 2kN
Member 2:
3 4 5 6
\ 3( 5 \( \ (
q3 12/8 0.75 -0.1875 0.75 || d,=-9.433x10" 2
4 | 200x200 | 075 4 075 2 || d,=-1.538x10"7 4
qs 8 >l 0.1875 -0.75  0.1875 -0.75 || ds=-0.01 T
9s 6l 075 2 075 4 d,=1.863x10 -4
J \ J\ J \
g5 (375 KN KN
q4 -6.0 kNem
4 | 025 kN
s | 200 kNem




4 kN

0.6 kN/m 20 kNem
FHHHHHB i )
C

A K2E] NE]

10 mm { &,
8 m 4 m e 4 m N
43.19 kN 06kN/m ; 4 kN
m( 003 ke l 20 KNem
6.0 KNom Tﬁ )
8.55 kN g 5 3.75 kN 3.75 kN 0.25 kN
v (N) ‘ N _:3.75 |
E | 1-0.25 = (m)
| | )] 0
Mo 6 n
(kNem) : : . x (m)
Deflected | a1 Dij - -9-4323 mm EDS =-10 mm
Curve == ' '
i D, =-1538x10-1ad " D, = +1.863x10° rad
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Internal Hinges
Example 6

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

E =200 GPa, /=50x10°m*.

30 kN

9OkN/m

77



Use 2x2 stiffness matrix, [ ] M. {4E[ /L 2EI/ L}
Dx2 T l

M, |2ET /L 4EI/L
3 1 ) 4
3| 21 El 2| 1EI 05ET
k], = [k], =

1| Er 2E] 4| 05ET  1EI

1 )

1 [ 20 0.0

= EI
K] 2 | 00 1.0



30 kN

OkN/m
Hinge
\ 2%
4
2
° C
A va W,
1 B 30 kN
12 kNem 9kN/m 12 kKN°m 15 kNem 15 kKN°m

i (bbbt y (2 3

Global matrix:

1 2
0.0 1[ 20 00 ][ b 12
= EI +
0.0 2 | 0.0 1.0 | | D, 15
D, 0.0006 rad
D,| — -0.0015 rad
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A S [FEF] W
ZC
( A B)
B
Member 1:

3 1

qs 3| 2EI EI dy =0.0 12 18

= -+ —
q, 1| Er 2EI d; =0.0006 -12 0.0

80



AN 15 kNem 30kN 15 1N

c (n P
Member 2:
2 4
q, 21 1EI  0.5EI d,=-0.0015 15 0.0
— + —
d4 4| 0.5EI 1EI dy=0.0 -15 225
30 kN

. ) 22.5 kNem

20.63 kN

81



30 kN

9 kKN/m
vy ¢
A g BSKNT §100N ) 22.5 kNem
BN sk 135kN  22.87kN 20.63 kN
30 kN
9kN/m
Hinge

—-— - o

R —
2B =0.0006 rad Oy -0.0015

4 m B 2m 2 m
i< »ie

82




Example 7

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

E =200 GPa, /=50x10°m*.

20 kN
9kN/m I
I !é 2E1 l& Hinge Ve I
A B C
4 m 4 m
[« > »

83



S
4

4
/'

4| 0.375EI
5| 0.75E1
1] -0.375E1
2

_ 0.75E1

LISl |

0.375E1
-0.1875E1

\ 0.375E1

N\
2EI 6
=
C
5 1 2
N
0.75EI -0.375EI 0.75EI
2ET  -0.75E1 2
-0.75EI | 0.375EI} -0.75EI 1 2 3
EI  -0.75EI 2EI/L) \
1 10.5625 -0.75 0.375
[K]= EI 2 | -0.75 2.0 0
3 ¢ . 30375 0.0 1.0
.
0.375EI -0.1875EI 0.375EI
EI -0.375EI  0.5EI

-0.375ET 0.1875EI -0.375E1
0.5EI -0.375E1 El )
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\

Global:

0,=-20

0,=0.0
0,=0.0

J

-

\

1 2
‘L :
0.5625! -0.75
075 2.0
0.375 0.0
~
-0.02382 m

-0.008333 rad
0.008933 rad

N

J

0

1.0
J

18
-12

0.0

85



5
4

2E1
A
Member 1:
4
/'

(4 ) 0.375EI
ds 0.75E1
q, -0.375E1

qu ) _ 0.75E1

2

5 1 2

N p
0.75E1 -0.375E1 0.75EI || d, _ 0.0

2ET  -0.75E1 El|| ds—(0
-0.75EI  0.375EI -0.75EI || d,=_0.02382

EI  -0.75El  2EI/L ) \dz =-0.00833

107.32 kNem 9kN/m

G

44.83 kN

8.83 kN

18
12
18

-12

N

J
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q1
q;

ds
q;

$ EI 6
B 3 C
Member 2:
1 3 6 7
1, N A
0.1875ET  0.375EI -0.1875E1 0.375EI|| d,=-0.02382
_3 0.375E1 El -0.375E1 0.5EI || d;=0.008933
6 -0.1875E1 -0.375E1 0.1875EI -0.375EI || d=0.0
7 -
(_ 0.375E1 0.5EI -0.375EI El /\d7 0.0
B C
) 44.66 kNem
11.16 kKN
11.16 kKN

/’

-

[OOO

(1116 )
0.0
11.16

\_44'66 )
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20 kN
9kN/m |

e e .

y 05, = -0.008333 rad Op= 0.008933 rad -

4 m 4 m

[« >fe »

107.32 kNem 9kN/m

% H) 44.66 kNm
44.83 kKN 8.83 kN 11.16 kN

11.16 kN

44.83

{-11.16 -11.16

x (m)
—1-44.66

88



Example 8

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

40 kNem at the end of member AB. E =200 GPa, /= 50x10° m*.

30 kN

9kN/m

89



Use 2x2 stiffness matrix:

3
3| 2EI

[k]l —
1| EI

AR M [4EI /L 2EI/L
2 M, |2EI /L 4EI'/L
1 2
EI 2| 1EI
[k]2:
DE] 4| 0.5EI
1 2
1 [ 20 0.0
= EI
K] 2 | 0.0 1.0

4

0.5E1

1ET

90



30 kN

12 kNem 9kN/m 12 kKN°m 15 kNem 15 kKN°m

VA ) (s P

Global matrix:

1 2
0, =40 1| 20 00 |[ D 12
= EI +
0,=0.0 2| 0.0 10 | | D, 15
D, 0.0026 rad

D,| — -0.0015 rad
91



4 o [FEF] W
) t P
B
Member 1:
3 1
q; 3| 2EI EI d; =0.0 12 38
p— —I— j—
9 1\ EI 2EI d, = 0.0026 -12 40
9 kN/m
Q ]9 40 kNem
38 kNem
37.5 kN 1.5 kN

92



AN 15 kNem 30kN 15 1N

c (n P
Member 2:
2 4
4, 21 1EI  0.5EI d,=-0.0015 15 0.0
— + —
q, 4| 0.5EI 1E] dy=0.0 -15 225
30 kN

- ) 22.5 kNem

20.63 kN

93



1.5 kN

9 kKN/m * * 30 kN
B C
Q ]b 40 kNem 9.37 kN ) 22.5 kNem
38 kN°m 37.5 kN 1.5 kN 7.87 kN 937 kKN 20.63 kKN
30 kN
OkN/m 40 kNem
Hinge
4 C
=-0.0015
9, -0.0026Bd O rad
37.5 ! !
1.5 9.37 :
V (kN) 4+ | ()

94



Example 9

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

40 kNem at the end of member AB. E =200 GPa, /= 50x10%m?*

20 kN
9kN/m |

I é 2FEI ! ! El I

C

A

4 m

40 kNem 1} Hinge
4 m
> e

>

o

95



9 kN/m

12 kNem ') 12 KN
°‘m
[FEM] T
18 kKN 18 kN b
Vil 12E0D
e |
J | =12E1L
M| 6EnD

6EI/ L’
AEI/L
—6EI/ L
2FEI/L

4

—12E1/C
—6EI/ I
12E/L
—6EI/ I

0
6EI/ I
2EI/L

—6EII?

AEI/L |

96



2 Aa¥
4

2EI 6
A 1 C
4 5 1 2
~ 3
4 0375EI  0.75EI -0.375EI 0.75EI
K. = 3| O075E 2EI _-0.75EL EI
&1y = 1] -0.375E -0.75EI {0.375EI -0.75EI
2\ 0.75EI EI 075l 2EI ) P2
1 10.5625! -0.75
[K]= g 2| 075 20
310375 0.0
1 3 6 7 "
0.1875EI | 0.375EI -0.1875EI 0.375EI
3| 0375EI  EI _0.375EI  0.5EI
[kl = -0.1875EI -0.375EI 0.1875EI -0.375EI
7\__0375EI  0.5EI -0375El  EI

0.375

1.0
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OkN/m | 20 kN

12 kNe

[FEF]

Global:

-

\

0,=-20 |
0, =40
0,=0.0

( A

-0.01316 m
-0.002333 rad

0.0049333 rad
J

12 kNem
T
18 kKN 18 kN
1 2 3
1 10.5625{ 0.75 0375
g2 | 075 20 0
30 0375 00

1.0

18
-12

0.0

98



5

N\
4 2EI

B

12 kNem
[FEF]

Member 1: [q], = [k],[d], + [4"],

4 5 1

5| 0.75E1 2ET  -0.75E1

2

/'
4| 0.375EI 0.75EI -0.375E[I 0.75EI

ET

11-0375E1 -0.75EI  0.375EI -0.75E1

2 0.75E1 EI  -0.75EI

87.37 kNem ( 2EI

2E1

N

J

9 kN/m

ra

dy -
d, -

d, =

) 12 kNem

T
18 kN 18 kN
oo | [18) [ 4985
0.0 12| _ | 8737
n =
~0.01316 18 -13.85
-0.002333)  (-12) (40

N

)40 KNem
I 49.85 kN mn 113.85 kN

lq],
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El 6
¢
B 3
Member 2: [q], = [kL,[d], +[4"],
1 3 6 7

q,
q3

ds
q;

(-

N SN W

_0.375ET  0.5ET  -0.375EI El

U
6.18 kN

lq],

- AV )
0.1875E1  0.375EI -0.1875EI 0.375EI||d,=-0.01316

0.375E1 ET -0.375EI  0.5EI || dy=0.004933
-0.1875E1 -0.375E1 0.1875E1 -0.375EI || d=0.0

=00

D) 24.69 kNem

18 kN

/’

S

S O

" 6.18 )

0.0
6.18

\—24.69 )
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20 kN
OkN/m 40 kNem

2EI El
y 8,,= -0.002333 rad Opr = 0.004933 rad -

4 m 4 m

B
[« > e *

4 B B C
C ) 40 kN-m H) 24.69 kNem
87.37 kNem| 49.85 kN 13.85 kN 6.18 kN 6.18 kKN

49.85

' -6.18 -6.18

- -

' -24.69

101



Temperature Effects

 Fixed-End Forces (FEF)
- Axial
- Bending

e Curvature

102



¢ _T,-1, AT
* Thermal Fixed-End Forces (FEF) an f3 = P ( 7 )
T, Room temp = T ];R
F
FAF ------------------- T m_>_]_"R __________________ FB d ¢, NA
Cp
M 5 A T b T, t B M g E
O'axial Hgaz‘(lal TR i Tm

4 b (AT)axzal - Tﬁi
+ + |

(AT,) = y(%)

(AT)bending = T;) o T;
103



Gax1al O-axial
T 3 Tw T,
_____ T>TR§...... Ff {
A Tb> Tt B (AT)axial - Tm _T

< H

F AF = Iaaxiasz
Y

axial

= .Eg dA

= [Ea(AT),, dA

= Eat(AT) [ dA

axial

= EAa (AT)axial

(Fal):ial)A - a(Tm _TR)AE
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- Bending

5
Il

.yaydA

= | vEedA

_ .' VEa(AT,)dA
- [yEar(® ) da

= Ea(—)jysz

( bendlng)A = a( l u )E]

AT
t (A1) =y )

AN

|<—>| i

T
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* Elastic Curve: Bending

(dx) = p (d0)

1 do
—=(5)
o dx

ds = dx

I
Before After
deformation deformation

106



* Bending Temperature 7>T

(d@yzay(i]—T)dx

(d0) = a(%)dx

do. 1 AT M
(D =—=a=)=""
dx  p d EI

107



Example 10

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

Room temp = 32.5°C, a = 12x10¢ /°C, E =200 GPa, I = 50x10- m*.

182 mm

108



182 mm

Mean temperature = (40+25)/2 = 32.5
Room temp = 32.5°C

19.78 kNem a(AT /d)EI = 19.78 kNem

I_c +7.5 oC I
FEM 7.5 9C : 5

40-25
0.182

FF

bending

= a(%)@EI) =(12x107°)( )(2x200%50)=19.78 kN e m
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3

2
1
¥ 10,78 kNem 19.78 kNem V2 A

182 mm 7T 4 W c
2EI EI

Element 1: [q] = [£][d] + [4"]
2 1
M, 2 2 1 q, -1.978
— EI + (103) EI
M, 11 2 q, 1.978
Element 2:
3
M, 1 0.5 q, 0
= FEJ +
M3 3 1 q; 0

[M:] =3EIQ, + (1.978x103)EI

6,=-0.659x103  rad
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2 3

p 1 ‘;\
19.78 kNem 19.78 kNem {\
182 mm7T A4 C
DEI EI
B
4 m e 4 m '
Element 1:
2 1
M, 2| 2 1 q,~ 0 -19.78 22637 kNem
= EI + =
M, 1 1 2 ]| ¢,=-0659x103 19.78 6.59 kKNm
3
0.5 g, =-0.659x10-3 0 -6.59 kNem
1 ;=0 o | T | -330kem
26.37 kNem 6.59 kNem 6.59 kNem 3.3 kNem

CAH) Ciﬁa
4.95 kN 4.95 kN 2.47 kN 2.47 kN
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26.37 kNem

+7.5 °C
2

A _7 5 oC B C
* 247 kN )
4.95k 5 24T KN 3.3 kNem
4 m 4 m |
4
V (kN) | )
l i .47
| -4.95 ;
1 26.37 |
M A 6.59 |
(kNem) - (m)
| | '; 330
Deflected | . 9,=-0.659x10" rad
curve —/R\ — (m)
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Example 11

For the beam shown, use the stiffness method to:

(a) Determine all the reactions at supports.

(b) Draw the quantitative shear and bending moment diagrams
and qualitative deflected shape.

Room temp = 28 °C, a = 12x10¢ /°C, E =200 GPa, I = 50x10¢ m?,
A =20(10-3) m?
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Element 1:

(24E) 2(20x107° m*)(200x10° kN / m*)
L (4 m)

=2(10°) kN / m

4Q2EI)  4x2(200x10° kN /m*)(50x10™° m")

=20(10°) kN e m
L (4 m)

212EI)  2x2(200x10° kN /m*)(50x10™° m")
L (4 m)

=10(10) kN e m

6(2EI)  6x2(200x10° kN /m*)(50x10™° m*)
I (4 m)2

=7.5(10%) kN

12(2ET)  12x2(200x10° kN /m*)(50x10™° m*)
L (4 m)’

=3.7510°) kN / m
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T, = 40°C
182 mmY
I '5' !g 2EI 2AE ! El, AE I

T, =25°C
A 1 B C

4 m 4 m

[« >fe »*

Fixed-end forces due to temperatures

40-25
0.182

)(2x200%50)=19.78 kN e m

bending

Fro = a(%)@EI) = (12x107%)(
Mean temperature(7, ) = (40+25)/2 =32.5 °C,
T,=28°C

F
F axial

= a(AT)AE = (12x107°)(32.5-28)(2x20x10 -3 m*)(200x 10°AN / m*) = 432 kN

19.78 kNem 19.78 kNem

+12 °C
432 kN -G—;- 432 kN

A -3 °C B
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182 mm-

Element 1:
19.78 kNem
30C
[¢] = [K][d] + [¢"]

4 5 6
[ g, ) 4 ( 2x105 0.00  0.00
gs 5 0.00 3750 7500
g 6 | 0.00 7500 20x103
g, T 1 [ -2x106 0.00 0.00
4, 2| 0.00 -3750 -7500
B 3\ 000 7500 10x10°

1

- 2x10°
0.00

____________

19.78 kNem

_|_ (0]
432 kN -G*é— 432 kN

2 3
0.00 0.00 )
3750 7500

-7500 10x10°

0.00 |
-7500 |

0.00
3750

27500 20x103 |




182 mm-

4 m 4 m

Element 2:

[q] = [K][d] + [4"]

1 2 37 8 9
(g, ) 1] 1x100 000 000 -1x10° 0.00  000)( d | [ 0]
0, 20 000 1875 3750, 000 -1875 3750 || d, 0 |
g 3000 3750 10x105 000 3750 5x10° || d, 0 |
o | T 7laxi0s 000 000 1x10s 000 o000|| o | |0
s §| 000 -1875 -3750 000 1875 -3750|| 0 0
D 9\ 000 3750 5x105 000 -3750 10x103)| 0 | | 0 ) .



182 mm-

Global:

-

0,=00
0,=0.0

-

\

3x10° 0.0
0.0 5625

0.0 -3750

0.000144
-0.0004795

-719.3x10-6

(432
0.0

19.78
\ J
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Element 1:

q4
ds
9e
9.

4,
q;

q4
ds
96
9.

4>
q3

)

J

SN U»n A

-

4

[ 2x106
0.00
0.00
-2x10°
0.00

L 0.00

144.0
-3.60

-23.38

-144.0
3.60

| 9.00

5

0.00
3750

7500 20x103

0.00
-3750

7500 10x103

kKN |
kN
kNem
kN

kN

kN°m}

6 1 2 3
0.00 -2x10° 0.00  0.00)
7500 0.00  -3750 7500
0.00  -7500 10x103
0.00 2x105 0.00  0.00
7500 0.00 3750 -7500
0.00 -7500 20x103 )
2
A 4
23.38 kNem

~N

‘o \
0
0

d,= 144x10°
d,= -479.5x10-6

[ 432)

0.00
-19.78
-432
0.00

| d3=-719.3x10¢ |

ts ZP 3

9 kNem

| 19.78)

144 kN 144 kN
A B

3.60 kN

3.60 kN
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Element 2:

1 2 3 7 8 9
g, | 1(1x105 000  0.00 -1x10° 0.00  0.00)[ d,=144x10¢ | [ 0
7, 2| 000 1875 3750 0.00  -1875 3750 || d,=-479.5x10° 0
g 3| 0.00 37500 10x103  0.00 -3750 5x103 || dy=-719.3x10- 0
= -
7, 7]-1x106 0.00  0.00 1x105 0.00  0.00 | 0 0
g 8| 0.00 -1875 -3750 0.00 1875 -3750 || 0 0
) 9l 000 3750 5x10° 0.00 -3750 10x103)| 0 /Lo
3
\ ( \ 3
g, 144 kN ) 84)9
9, 3.6 kN H
q, -9 kNem B 1 c7
g 36 kN 'S | Y
J 144 kN 144 kN
9 ) \ -5.39 kN°m} B C
3.60 kN 3,60 KN
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Isolate axial part from the system
T, =40°C

A T1:250C B C
4m 4 m

Compatibility equation: d., =0

Ri®  R& o 107°(32.5-28)(4)=0
2AE  AE

R, = 144 kN

R, =-144 kN
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23.38 kNem 9 kNem 9 kNem

144 kNm
Ai I B
3.60 kN 3 60 kN 3.60 kN
V (kN)
2338 =0 ,
M . 8.98 :
(kN.m) I ‘<_ :I X (m)
| | i -5.39
Deflected D,=-0.0004795 mm D, =-719.3x10° rad
curve | ' T ———— x (M) 17




Skew Roller Support

- Force Transformation
- Displacement Transformation
- Stiffness Matrix

—
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* Displacement and Force Transformation Matrices

e
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Force Transformation

* - 7K ) e 77» y
q, = q4§;_ECOS Hx— qs COS gy

qs =g, 080, —qscosO,

ds = 4de
_q4_ _/lx _j“y O_ _Q4'_
qS = j’y j‘x O QS
496 _O 0 1_ | 96

——— e m o ——

0:0 0lq,
q, E’ly A 0 0 0 O0}gq,
1:0 01qs

q, 0 0 04 -4, Ojq,
gs| [0 0 014 A O0lg,
96 LO 0 010 0 _1j9¢.

gl=1r]la]
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Displacement Transformation

— N o <t Vo) Ne)
_d TN T T
[ 1 ]
I R I
mAy_...... ..... B =R
£ 9 [ ] _
NS v e |
. 8 o) " ! .
\ _ _ |
N o o |_ .......
« T + SO © — O o O
> o=
< o <o |
N2 SOl © O
L0 . R X !
44444 " - . . “
ST | __ _ < q_A Sic o o
I 1 I L “ _
- = - S - \O __
= RS _ _ _ |
S5 " = — I\ cn <+ n o
NI TN T O™,
=

|@']=[r]la]
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=[] R laT+ o)
=[rT (ke ]+ [T o]
)= [elr]lal+ [Tl = K] [a)+o” ]
Therefore, [k|=[T] [¥']|T]
0 1=l
g]=Ir1la']
d'|=|T][d]

k]=[r][K]lr]
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Stiffness matrix

A= cos 0, A= cos B;
A, = sin 6, A, =sin 6,

y

[q*]1 =[T1"]q’]

1 2 3 4 5 6

_ql*_ 1* | ix _iiy O O 0 0_ _ql |
g, 2|2, A 0 0 0 0] |g,
g | _ 3|0 0 1 0 0 0 |g,
q 4+ 4*1 0 0O 0 4, -4, O q 4
q 5+ 510 O 0 4, 4, O qs
e 6510 0O 0 O 0 1_[Y ¢ |

[T]
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SN 0Nt A W N -

1 2 3 4 5 6
1[2, 4 0 0 0 O]
2=, A 0 0 0 0
3/0 0 1 0 0 0
410 0 0 4, 4, O
510 0 0 -4, 4, O
6/ 0 0 0 O 0 1
1 2 3 4 5 6
[ AE/L 0 0 —AE/L 0 0 |
0 12EI/L  6EIL 0 —12EI/L 6EIL
0 6El [ AEI/L 0 —6EI/’ 2EI/L
— AF/L 0 0 AE/L 0 0
0 —12EI/’ —-6EIL’ 0 12EI/  —-6EIL
0 6EI I 2EIL 0 —6EI/’  4EI/L |
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[K1=[TI"[£" ][] =

Ui
[ AE 12E1
; (T A2+ 3 liyz)
AE_ 12EL ;.
L L
6E1
PR
AE 12E1
(T Akt T A
AE 12E1
- (Tﬂixﬂjy' IE ’Iiy/le)
6EI
PR

Vi
AE 12E1
I - L3 )ﬂ“ixﬂ‘iy
AE_ 5, 12EL ;o)
L 7 L
6E1 A
LZ
AE 12E1
_( liyﬂ“jx 3 /’i’ixﬂ'jy)
AE 12E1
_(T/liy/ljy + —3 ﬂix ﬂyx) _
6E1 A
L2

4E1

6L]

6L]

Y
-( A—Eﬂ“ix/?‘jx +L§H}‘W’1jy
‘( %j’iyﬂ‘j’x lzf[ﬂixﬁ’jy
L,
AL e 2
L8,
L,

AE 12E1

'YX

ix"Yy ~ I3

AE 12E]

x”x

AE  12E]
L L?

)/1./1

Jxgy

AE

12E1
L g L3

A+ Al)

~ OET

jx

_6ET

2,/1)

~ 6EI

M,

A.
7

2E1

p

4E1
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Example 12

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.

(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative bending moment diagrams

and qualitative deflected shape.

Take 7=200(10%) mm*, 4 =6(10%) mm?, and £ = 200 GPa for all members.
Include axial deformation in the stiffness matrix.

40 kN
 dm . 4m ST 020
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4m 4m 22.020

[« — >
3\6 ’\3 ’\6,
2* 2
Global 3+ , Local [1}—>
X
® ¢ ® 202° @ U AC
A, =cos 0°=1, ; 0 xO .
A. =cos 90°=( = €08 22.020=0). )
’ A, = cos 67.98°= 0.3749
40 kN
40 kNem
40 kNem l [qF]
[FEF] T . 20s1n22.02=7.5
20c0s22.02=18.54 '20 kN

20 kN
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e Transformation matrix

6
A :3
Global 3 ,
ﬁx
A =cos 00= 1, X d =2, 0 0 0 0
ams gmmEeen e o
7 - o 0 1 0 0 0
0 0 0 2, -4, 0
, 0 0 02, 4, 0
Member 1: [¢]=[T]"[¢’] 0o o0 o0 o o
123 4 5 6
g, | 41 00 0 0 0]lq, |
qs 510 1 0 0 0 0119,
gs| 610 01 0 0 0lgs
g.| 1710 0 0 09271 —0.3749 0||q,
Gy 210 0 0 03749 0.9271 0 ||qs
75 300 0 0 0 1|qq
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* Local stiffness matrix r\?’
X

t Local

@

0,

1

[ AE/L
0
0

Kl =
b ~ AE/L

X=X =

0

.
(150.0
0.000
0.000
1-150.0
0.000

*\.0.000

[k'], = 103

S N A W N -

1

A

1

0

12E1/ L}
6EI/ I?

0

0 —12EI/L
6EI/ I*

X
0.000
0.9375
3.750
0.000
-0.9375

3.750

o,

1

0
6El/ I’
AEIL

0

—6EI/ L
2EI/L

3
0.000
3.750
20.00
0.000

-3.750

10.00

6
A
b
5 4 4
—~AE/L 0 0 |
0 —12El/L’  6EIL’
0 —6EI/L  2EIL
AE/L 0 0
0 12E/L’ —6EIL
0 —6EI/l’  AEIL
4’ 5 6’
-150.0  0.000  0.000)
0.000 -0.9375 3.750
0.000 -3.750 10.00
150.0  0.000 0.000
0.000 0.9375 -3.750
0.000 -3.750 20.00/
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6

A
t Global
4

Stiffness matrix [k]:

(K], = 10

Stiffness matrix [K*]: [ K] =[ T] [ k" ||T]

(K], = 10°

Nnh & W N =-

14

6

W N = &N U A

*

1

(150.0

0.000
0.000
-150.0
0.000

\.0.000

4
[ 150.0
0.000
0.000
-139.0
-56.25

\0.000

249 ;.

X
0.000
0.9375
3.750

0.000

-0.9375

3.750

5
0.000

0.9375
3.750
0.351

-0.869
3.750

x’

%

*

X

3
0.000
3.750
20.00
0.000
-3.750

10.00

6
0.000
3.750

20.00
1.406
-3.750
10.00

-150.0
0.000

0.000
150.0
0.000

0.000

1*
-139.0
0.351
1.406
129.0
51.82

1.406

.
’2\
LLocal
@ 1
5 6
0.000  0.000
-0.9375  3.750
23750 10.00
0.000  0.000
0.9375 -3.750
23750 20.00)
2 3"
-56.25  0.000 )
-0.869  3.750
23750 10.00
51.82  1.406
21.90 -3.476
-3.476  20.00
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40 kN ’5\ 2 <)
3*
! 4 e £
—>X
4
4 m 4 m *
22.020° X
<
) g g 40 kN
40 kNem
T «. 20s1in22.02=7.5
ilibrium: ~18.54 '20 kKN
Global Equilibrium: 20 kN 20c0s22.02=18.54
(O] = [K][D] + [O']
1* 3*
0,=0.0 1" 129 1.406 D;.. -7.5
_ = 10® . +
0,=0.0 37| 1.406 20.0 D;. -40
D;. 36.37x10-¢ m
D.| | 0.002 rad
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’5\ 2*5
A
X
4 40 kN )
22.02° 40 kKN X
0 4OE\I°m l n
) 7'“2 7.3
Member Force : | [¢q] = [k*][D] + [¢F] 20 kKN 18.54
g, | 4 [ 150.0 0.000 0.000 -139.0 -56.25 0.000)( o )| o ) [ 506
gs 5| 0.000 0.9375 3.750 0.351 -0.869 3.750 0 20 275
qe 6| 0.000 3.750 20.00 1.406 -3.750 10.00 0 40.0 60
g+ | = 10°14-139.0 0351 1.406 129.0 51.82 1.406||36.4x10| T | 754 = | o
Gy 74 -56.25 -0.869 -3.750 51.82 21.90 -3.476 0 18.54 13.48
) 3400000 3.750 1000 1.406 -3.476 2000\ 2197 ) | 400) | o

60 kKNem 40 kN

275 kN 13.48 kN 137



40 kN

40 kN
l 60.05 kNem l
4 m 4m | 5.05 kN ;
22.02 0
< > > 27.51 kN 47N
50.04

— +

.
260.05

Bending moment diagram
(kNem)

_—70.002 rad
F————=

Deflected shape
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Example 13

For the beam shown:

(a) Use the stiffness method to determine all the reactions at supports.

(b) Draw the quantitative free-body diagram of member.

(c) Draw the quantitative bending moment diagrams

and qualitative deflected shape.

Take 7=200(10%) mm*, 4 =6(10%) mm?, and £ = 200 GPa for all members.
Include axial deformation in the stiffness matrix.

6 kN/m T kN

YYvyvvvvvey

=== N_ £ 4E

No 21 2AF 22 020

8 m 4 m 4 m

[« >ie >l >
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22.02°
AE  (0.006 m*)(200x10° kAN / m*)

L (8 m)
=150%10° kN em

6 3
A A 4ET 4(200x10° kN / m?*)(0.0002 m*)
“”‘)9* L (8 m)
) 1 L = 20x10° kN o m
Global 2Bl 10%10° iV em
3 6 L
>\ A -~ N6 6EI 6(200x10° kN /m*)(0.0002 m*)
2 S 2 2
L,i > H—» L (8m)
1 4 1 4 =3.75x10° kN
Local 12E1  12(200x10° AN / m*)(0.0002 m*)

I’ (8 m)’
=0.9375%10° kN /m 140



”
[q] [4]

4 1 1 4

[q] =1q’]
Thus, [k] = [k']

4 5 6 1 2 3

(150.0  0.000 0.000 -150.0  0.000 0.000
0.000 0.9375 3.750 0.000 -0.9375 3.750
0.000 3.750 20.00 0.000 -3.750  10.00
-150.0  0.000 0.000 150.0  0.000 0.000
0.000 -0.9375 -3.750 0.000 0.9375 -3.750

[K], = [k, =210

W N = N U A

.0.000 3.750 10.00 0.000 -3.750 20.00./
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A..=cos 0°= 1, X
2. =cos 90°= 0 ljx = co0s 22.02°=0.9271,
y A, = cos 67.98°=0.3749

Member 2: Use transformation matrix, [¢*] = [T]"[q']

1 2 3 & 5 6

[ g, 1({ 1 0 0 0 0 0 )( g
9 2] 0 1 0 0 0 0 g,
q; 3 0 0 1 0 0 0 q5
an| T 0 0 0 09271 03749 0 || g,
Gs 8 0 0 0 03749 09271 0 gs

L Do) 9°\ 0 0 0 0 0 1 )\ g
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3
21_» [q']
1

Stiffness matrix [£']:

1
( 150.0
0.000
0.000
-150.0
0.000

6 0.000

14
14

k], = 103

Nh £ W N -

X
0.000
0.9375
3.750

0.000

-0.9375

3.750

3’
0.000
3.750
20.00
0.000

-3.750

10.00

Stiffness matrix [£*]: [£*] = [T]Y[k'][T]

1
(150.0
0.000

0.000
*1-139.0
#1-56.25

+.0.000

[k*]z =10’

o 0 J W N

2
0.000
0.9375

3.750
0.351
-0.869
3.750

3
0.000
3.750

20.00
1.406
-3.477
10.00

2?_» [q']

5
0.000
-0.9375
-3.750
0.000
0.9375

-3.750

g
-56.25
-0.869
-3.477
51.82
21.90

-3.476

1

.
0.000 )
3.750
10.00
0.000

-3.750

20.00./

o
0.000 |
3.750
10.00
1.406

-3.476

20.00 J

2
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A 2 i
9%
Fﬁ L1~ .L’l ~é‘7"'
4 5 6 1 2 3
4 (1500 0.000 0.000 -150.0 0.000 0.000)
= | 0.000 09375 3.750 0.000 -0.9375 3.750
6 10.000 3750 20.00 0.000 -3.750 10.00
[k],=2x10° | |.1500 0.000 0000 {1500 0.000 | 0.000!
5 | 0.000 -0.9375 -3.750 0.000 0.9375 -3.750
3 L0.000 3.750 10.00 | 0.000 | -3.750 | 20.00,
1 2 3 7" 8" 9"
1 [ 150.0 | 0.000 | 0.000 | -139.0 -56.25 0.000 )
5 1 0.000 09375 3.750 0351 -0.869 3.750
5 [ 0.000 1 37501 20.00 | 1.406 -3.477 10.00
[k*]z =10’ 7+1-139.0  0.351 1406 1290 51.82 1406
g*|-56.25 -0.869 -3.477 51.82 21.90 -3.476
910,000 3.750 10.00 1406 -3.476 20.00
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v 0N A 5
6 kKN/m 40 kN
32 kNe 40 KN-m -
T E
) ¢ 75
24 kKN 24 kKN 20 kKN 18.54
Global: r13 ok 9*
. ; w
(0 Tlhaso o) -139 p, | | o |
0 | 3k 060! 1406 10 D, 32+40=8
o | T 7 ) 30 1406 129 1406 || p, | * 7.5
0 "l o 10 1406 20 J|{p,) | 40
( ) ( )
D, 18.15x10°6 m
D, -509.84x10-¢ rad
D..| — | 58.73x10° m
| Do | | 0.00225 rad | 145



Member 1: [ ¢ ] = [k][d] + [¢F]

44
qs
de

\

=2x103

6 3
A 6 kKN/m
32 kNem
( )321{N-m
4 1 f
24 kN 24 kN
4 5 6 1 2 3
4 (1500 0.000 0.000 -150.0 0.000 0.000)(0 V[0
5 | 0.000 09375 3.750 0.000 -0.9375 3.750]|0 24
6 1 0.000 3750 20.00 0.000 -3.750 10.00||0 32
1 1-150.0 0.000 0.000 150.0 0.000 0.000 ||d,=18.15x10 0
5 | 0.000 -0.9375 -3.750 0.000 0.9375 -3.750 |0 24
3 L0.000 3750 10.00 0.000 -3.750 20.00)\d,=-509.84 | | -32
\ x10-°
545 kN
20.18 kN 6 kKN/m
21.80 kNem ') 52.39 kNem
21.80  kNem ( v
545 kN 5.45 KN €= 545 kN
2782 kN 5018 &N 27.82 kN

-52.39  kNem
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Member 2: [ ¢ ] = [k][d] + [¢F]

\
q,

q,
q3
q 7+

q 3+
Q9*j

\
q,

9,
93
g7+
q g+

= 103

\OOO\EGMNM

\

1
[ 150.0
0.000
0.000
-139.0
-56.25

\0.000

-5.45
26.55

52.39
0
14.51
0

2
0.000
0.9375

3.750

0.351
-0.869

3.750

kN
kN

kNem

kN
kN

kNem

3
0.000
3.750

20.00

1.406
-3.750

10.00

40 kNem

40 kN

l 40 kNem
[q'F]

. 20sin22.02=7.5
20c0822.02=18.54 '20 kN

L 4

20 kN
139.0 -5625  0.000)[ 18.15x10°
0351 -0.869 3.750 || 0
1406 -3.750 10.00 -509.84><10-6Jr
1200 51.82 1.406 || 58.73x10°
5182 21.90 -3.476 | 0
1406 -3.476 20.00 )\ 0.00225
5039 kNem  JOKN
F—5.45 kN
14.51 kKN
26.55 kN

20
40
-7.5
18.54

\ -40 )
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40 kN

6 kN/m 52.39 kNe
21.80 kNem (- i-) 52.39 kNem (\ -
5.45 kKN 4= 345 kN N
N 5.45 kN 1451 kN /:
20.18 kN : 26.55 kKN 14.51cos 22.02°
=13.45 kN
40 kN
21.80 kN-m(‘ 6 kN/m
5.45 kN
22.020
20.18 kKN 54.37 kN
: 14.51 kN
« & m e 4m >l 4 m 5
20.18 2655 i
Fi I\ - | x (m)
' 3.36 - — —
5‘ g }-27.82 | 1 -13.45
5 i 5381 |
M | | |
(kNem) ' x (m)

-52.39 148



